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—1.1 Propositional Logic —
Step 0. Proof.

Proof
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WHAT (S PROOF




Proof

—1.1 Propositional Logic —
Step 0. Proof.

A proof Is an argument that demonstrates
why a conclusion is true, subject to certain
standards of truth. (CS103)



Proof

—1.1 Propositional Logic —
Step 0. Proof.

A mathematical proof is an argument that
demonstrates why a mathematical statement Is
true, following the rules of mathematics. (CS103)



Proof

—1.1 Propositional Logic —
Step 0. Proof.

-
WHAT DOES PROOF
LOOK LIKE ?




Modern Proofs

Some 20 years ago, I published an article titled How to Write a Proof in a
festschrift in honor of the 60" birthday of Richard Palais [5]. In celebration
of his 80'* birthday, I am describing here what I have learned since then
about writing proofs and explaining how to write them.

How to Write a Proof How to Write a 21%¢ Century Proof
Leslie Lamport :|I> Leslie Lamport

February 14, 1993

revised December 1, 1993 23 November 2011

Minor change on 15 January 2012



Examples — Modern Proofs

Direct Proof.
Proof By Contradiction.
Proof By Induction.

Case By Case



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

e DEFINITION

An integer n is even If there Is an integer k such
that n = 2k.

An integer n is odd if there Is an integer k such
that n = 2k + 1.
-

~

J




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
- ASSUMPTIONS FOR NOW ~

Every integer Is either even or odd.

No integer Is both even and odd.
- Y,




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

e PROOF
Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/L

et n be an even integer.
Since n Is even, there Is some integer k such that n = 2k.

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/L

et n be an even integer.
Since n Is even, there Is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

(L

PROOF
et n be an even integer.

Since n Is even, there Is some integer k such that n = 2k.

This means that n? = (2

From this, we see that t
where n? = 2m.

\_

Q)2 = 4k2 = 2(2K2).

nere is an integer m (namely, 2k?)

~

/




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF

(L

\T

et n be an even integer.

Since n Is even, there Is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

herefore, n? is even. ®

~
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/Let n be an even integer. A

Since n Is even, there Is some integer k such that n = 2k.

This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)

where n2 = 2m. , )
This symbol means

Therefore, n? is even. & “endl of proof”.

\_ y /




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

e PROOF
Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF

(L

et n be an even integer.

/

\_

To prove a statement of the form “If P, then K.

true as well.

\

Assume that P Ls true, thew show that @ wust be

/




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Since n Is even, there Is some integer k such that n = 2k.

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

Since n Is even, there Is some integer k such that n = 2k.
/ 7 / ' B4 /
This is the definition of an even integer, When
writing a mathematical proof, it's common to
call back the definitions,
" ~ i -,




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

Theo rﬂ\lo’c’we how we use the value of R that we obtaineo above.\

-

Glving nawmes to quantities, even if we aren't fully
sure what they are, allows us to manipulate
them. This is stmilar to variables tn programs,

y

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_

/




Modern Proofs — Direct Proof

» r L] [ ] [ 7y =

Ther )

Our ultimate goal is to prove that n is even. This means

a8 \

that we need to find some m such that n2= 2m., Here,

we're explicitly showing how we can do that.

\_ /

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_ /




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Therefore, n?is even. m

\_




Modern Proofs — Proof By Induction
n(n+1)
2

Theorem: If nis aninteger and n >0, then )L i =



Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then };_ i = "("2“)

@ PROOF T o)
2

We will prove this by induction by showing that if Y¥_, i = , then

k+1 ; _ (k+1)(k+2)
i=1 L= -
2




Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then };_ i = "("2“)

@ PROOF T o)
2

We will prove this by induction by showing that if Y¥_, i = , then
e+l _ (k+1)(k+2) |

i=1 — 2
Since YF i = k(k;l)
Then S5+ = (B D)+ (k+ 1) = "("“) +o(k + 1) = EHDGEFD o




Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then };_ i = "("2“)

/7 PROOF — ~
2

We will prove this by induction by showing that if Y¥_, i = , then

e+l _ (k+1)(k+2) |

i=1 L= >
. k(k+1)

Since Y, i = »

Then k+1l _ (Z D+ k+1) = k(k+1) +(k+1) = (k+1)(k+2). -

f <N
REALLY??? Tf,@er, | do ﬁ
not trust you. © Pl

\ \.




Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then Y1 i = "("2“)

/ PROOF T eeen \
2

We will prove this by induction by showing that if Y¥_, i = , then
e+l _ (k+1)(k+2) |

=1 _ 2
Since YF i = k(k;l) ,
Then Xi= (SK, )+ (k+ 1) ="E2 4 (k+1) =22 m
f D

It shows that we can aLwags moVve to the
next step, but we need to start somewhere.

\ \ . Y,




Modern Proofs — Proof By Induction

: +1
Theorem: If nis an integer and n > 0, then Y. i = "("2 )
PROOF
We will prove this by induction by showing that }'7_, i = LA+ and if
k(k+1) (k+1)(k+2)

Sk = “then YK+l =

2




Modern Proofs — Proof By Induction

: n(n+1
Theorem: If nis an integer and n > 0, then ;i = (2 )
PROOF
We will prove this by induction by showing that }'7_, i = LA+ and if
e k(+D) then e+ (k+1)2(k+2) |
First, since Yi_,i = 1,and 1) =1, then}, ,i= 1)

2




Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then Y. i = "(";1)
PROOF
We will prove this by induction by showing that }'7_, i = LO+D and if
e k(k+1) then T+ = (k+1)2(k+2) |
First, since Yi_,i = 1,and 13D — 1 then Yii= 1(1;1).
Second, since Y¥ i = k(k+1), thenYitli= L, D)+ (k+1)
k(k+1) n (k n 1) _ (k+1)2(k+2).

\_ /




Modern Proofs — Proof By Induction

Theorem: If nis an integer and n > 0, then Y. i = "(";1)
PROOF
We will prove this by induction by showing that }'7_, i = LA+ and if
e k(k+1) then T+ = (k+1)2(k+2) |
First, since Yi_,i = 1,and 13D — 1 then Yii= 1(1;1).
Second, since Y¥ i = k(k+1), thenYitli= L, D)+ (k+1)
k(k+1) n (k n 1) _ (k+1)2(k+2).
Therefore, the theorem is true. &

\_ /




Modern Proofs — Proof By Induction

. +1
Theorem: If nis an integer and n > 0, then Y™ i = "("2 )
PROOF
We will prove this by induction by showing that Y.7_, i = 1O+ and if
i p = KOHD e ekt o (k+1)2(k+2) |

4 A

The general pattern heve Ls the following:
1. Start by announcing that we're going to use a proof by nduction.
2. Explicitly state the base case and the inductive case.

2. Go prove both cases. /

\ y,




Modern Proofs — Proof By Induction

: : : n(n+1
Theorem: If nis an integer and n > 0, then ;i = (2 )
~ PROOF ™
First, since YL, i = 1,and 222 =1, then XL, i = 1(1;1).
4 )
Base Case : prove the property holds for base elements. 7.5./_,4—'_,7
n 1 )

\k




Modern Proofs — Proof By Induction

n(n+1)

—~ : . —

building operations according to induction hypothesis. -

\o

T
? k

D+ (k+1)
+(k+1) =

Second, since Y¥_, i = k(k;l), then Yl = L

k(k+1)

\_

nductive case : prove the property holds for elevents bullt by elements-

2 k41 /

\_
\

(k+1)(k+2)

2

/




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.



Modern Proofs — Proof By Cases

Theorem: Two queens problem has no solution.
DEFINITION
4 )

N queens problem: placing N chess queens on an NxN
chessboard so that no two queens threaten each other.




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

DEFINITION
/

N queens problem: placing N chess queens on an NxN
chessboard so that no two queens threaten each other.

WO queens threaten each other: two gqueens share the
same row, column or diagonal.

\_




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

DEFINITION
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.




Modern Proofs — Proof By Cases

Theorem: Two queens problem has no solution.
REPHRASE
4 )

If placing 2 chess queens on an 2x2 chessboard, then they
must share the same row, column or diagonal.




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

INTUITION
/

P1 | P2

P3 | P4




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

INTUITION
/ 2

[
[ e

P1 | P2

P3 | P4




Theorem: Two queens problem has no solution.
INTUITION

Modern Proofs — Proof By Cases

-

| [

|

Pl

P2

P3

P4

I | [t

|

[




Theorem: Two queens problem has no solution.

Modern Proofs — Proof By Cases

|

[

7 INTUITION
P1 | P2 i
P3 | P4 Z Z
.S ) §
i i

[t

[




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

/ PROOF \

Let’s pick two positions P, and Pg to places these two queens. We will prove that
two gueens threaten each other by cases (by exhaustion).

Case 1: P, is P1, and Pg Is P2, so two queens share the same row.
Case 2: P, is P1, and Pg Is P3, so two queens share the same column.
Case 3: P, is P1, and Pg Iis P4, so two queens share the same diagonal.
Case 4: P, is P2, and Pg Is P3, so two queens share the same diagonal.
Case 5: P, Is P2, and Pg Is P4, so two queens share the same column.
Case 6: P, is P3, and Pg Is P4, so two queens share the same row.

Since P,and Pg are symmetric, above list all cases. In any case, we find two
gueens threaten each other by definition.

\

/




Propositional Logic ( An@Z4E )

~1.1 Propositional Logic — —

Step 1. Convert program
Into mathematical formula.

Step 1.1 What is Propositional Logic?



Why We Need Propositional Logic?

Goal: Formalize the theorem, definitions and
reasoning we use in our proofs.



Propositional Logic

What is a proposition (fii/@):
A proposition Is a statement that Is, by itself, either true
or false.



Examples

Theorem proved before are all propositions:

If n is an even integer, then n? is even.

If N2 is an even integer, then n is even.

n(n+1)
2

If nis an integer and n > 0, then ) i =

Two gueens problem has no solution.



Examples

Tom is taller than Jerry #
2+2=4

N>6 X ,
Discrete mathematics is edible ¥
3is odd ¥



AWHAT|IS'YOUR PROBLEM

'
a g: . 4

RUEStLONS are
not prop oSLtlons.




Commanos are
not proposit’w nS.

LET'S GO OUT!/
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ExaLamatorg
sentence are not

propasitio NS.




Propositional Logic

Propositional logic (f7@liZ%5) is a mathematical
system for reasoning about propositions and how they
relate to one another.



Propositional Logic

Every formula in propositional logic consists of
propositional variables combined via propositional
connectives.

Each variable represents some proposition, such as “Tom is a
cat” or “Jerry is a rat.”

Connectives encode how propositions are related, such as
“Tom is a cat and Jerry is a rat.”



Propositional Variables ( an@iZZ I )

Propositional variables are used to represent proposition
(simple propositions).

Propositional variables are usually represented as upper-case
letters

* For example, P and Q.

* We can use P to represent “Tom is taller than Jerry”

Every propositional variable has a truth value
* It Is either true or false



Propositional Connectives ( fniBx45ia )

Propositional Connectives are used to

» Connect propositional variables
* EXpress more complex meaning with existing propositions

P1: “Tom is a cat.”

jl> If Tom Is a cat and Jerry is a rat,

P2: “Jerry is a rat.” then Tom and Jerry are enemy.

P3: “Tom and Jerry are enemy.”



Atomic Proposition (J& i)

Propositions without any connectives are called atomic
propositions or simple propositions ( [R Fap @/ B2 fp el )

-

\_

P1: “Tom is a cat.”

P2: “Jerry is a rat.”

P3: “Tom and Jerry are enemy.”

J

Atomic Propositions

-

e

If Tom Is a cat and Jerry is a rat,
then Tom and Jerry are enemy.

.

~\

Proposition



NOT (Logical Negation) ( &1 )

P : Tom is stronger than Jerry
—P: Tom is NOT stronger than Jerry




Truth Table (BMEXR)

A truth table Is a table

» showing the truth value of a propositional logic formula as a
function of Its inputs.

» describing the semantic of a propositional connective /
formula.



The Semantic of “NQ = ositionar

conmective

[ Propositional ]7 P B P ¥

variable Propos‘:’,’ciowm

T F formula

\

FT

Truth Table

[ - P always has a different truth value with P. P




AND (Logical Conjunction) ( &§HYiz )
P : Tom is shaking hands with Jerry.
Q : Tom is shaking hands with Quacker.

P A Q: Tom is shaking hands with Jerry AND Tom is shaking hands with
Quacker.




The Semantic of “AND”

: T T -[ Theg are the same.
F F B \ _J
F T F -
FF F -
Truth Table

[ PAQ is true Lf P is true and @ is true. P




OR (Logical Disjunction) ( #rHid] )

P : Krusty Krab
Q : Krusty Krab
P VvV Q :Krusty

nas burger.
nas pizza.

Krab has burger OR Krusty Krab has pizza.




The Semantic of “OR”

P @ PVQ@R QVP

T T T T
F

F T T T

F F F F




Implication ( Zg;i# 15 )
P : Jerry fires the firecracker.
Q : The firecracker will explode.

P — Q :If Jerry fires the firecracker, then (implies) the firecracker
will explode.




The Semantic of “Implication”

P Q P—Q
T T T
T F F
F T T
F F T

-

\_

The implication is only false it P is
true and @ tsn't. You neesl to commit
this to memory.

~




Biconditional Connective ( &1 )

P : SpongeBob is on the right of Patrick Star.
Q : Patrick Star is on the left of SpongeBob.

P < (Q : SpongeBob is on the right of Patrick Star if and only if
Patrick Star is on the left of SpongeBob.




The Semantic of “Biconditional Connective”

P @ P @
1 1 T
T B -
= e F
F F 1

-
The P < Q isonly true if Pand @
have the same truth value.

\_




The Semantic of “Biconditional Connective”

P @ P& Q@
] | g
T F F
.
.
4 ~N

It seems P < Q means “P lmplies Q"
anol “Q Lmplies P”. But can You prove 'Lt7




The Semantic of “Biconditional Connective”

P Q@ P+~ Q (P—QAN(Q—P)
T T T T
T F F 3
F T F 3
FF T T

-

Theg have the same truth values.

\_




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...

Propositional connectives

Name Symbol #Variables Example
NOT = 1 —P
AND A 2 PAQ
OR vV 2 PV AQ
Implication - 2 P-Q
Biconditional o 2 PoQ
Connective




A Quick Recap

[

~N

How to conwnect 2 or

more variables? N\ fo,

(

\_

INTUITION
With multiple connectives.
PAQA(AR)




Well-Formed Formulas (R AR)

- N
How to connect 2 or

more variables Legally? N\ fo,

\_

~—— Well-Formed Formulas (8§ A )

If a formula is a well-formed formula

(wff), then it is legal.

\_




Well-Formed Formulas (3 Ax)
INDUCTIVE DEFINITION of WFF
4 )

1). Every single proposition (symbol) is WFF.

2). If A and B are WFF, so are (-A), (AAB),(AV B), (A—-
B), and (A «& B).

3). No expression is WFF unless forced by 1) or 2).

N\ /




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, -, &

WFF: construct the legal propositional formula.



A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, -, &

WFF: construct the legal propositional formula.
4 )

Avre these enough?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

\

v

p
vQ | It Looks Like “xor”, but wh Y
oo not we have it?

\_

M4 T H| T
mTm -+ -0
N Ry |




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

P Q PVQ

T T F —

F T T PVQ = ((PA(=Q)) V((—P) A Q))
T F T

F F F Because It can be represented with

a WFF.



Completeness Of Connectives

( BX&E1E5E&1E )

-

\_

DEFINITION

A group of connectives are complete Iif

1). Every formula can be converted to an equivalent formula and

2). The formula only includes connectives in the group.




Completeness Of Connectives

( BX&E1E5E&1E )

s OBSERVATION
A formula with n variables can be treated to be a function:

1) The input Is the truth values of n propositional variables.

2) The output is the truth value of the formula.




Completeness Of Connectives

( BX&E1E5E&1E )

e OBSERVATION
A formula with n variables can be treated to be a function:

1) The input Is the truth values of n propositional variables.
( )

if every such function can be converteo
to & wif, we can prove completeness. N

\_




Completeness Of Connectives

( BXEG1E & )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

DEFINITIONS

4 . . .
n-place Boolean function: a function with n parameters and a Boolean
return value.

a realizes the function G: a and G have the same truth values.




Completeness Of Connectives

( X&) & )

\_

-
n-place Boolean fu
return value.

\

THEOREM

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizesp s — ~

How to reasown Lt out?

(o realizes the function G: a and G have the same truth value i




Completeness Ot Connectives
( XGRS )

THEOREM

such that O realizesp—— = -
: Let's stavt with a simple

case (L.e.n = 2).

-
n-place Boolean fuk
return value.

\

Let G be an N-place Boolean function, N = 1. There exists a WFF O




Completeness Of Connectives

( BX&E1E5E&1E )

4 )
How many CONNECELVES WE

can define when w is 2.

< e
> 1448 )




Completeness Of Connectives

( X&) & )

to a WHF. T

\_ L
1 A i Y ,‘ ./
BN %
‘A"j; Y |
. Y A4
2
\ /A

P Q 20(P,Q) £1(P,Q) £:P,Q g(PQ gi(PQ gs(P,Q g¢P,Q)
F F F F F F F F F
F T F F F " F i T s
T F F F T T F F T
T T /_ }T_—
’ 7

g1(P,Q  gs(P,Q /A(V\/g QL(P/ 62,) LS qu/tb\/aLCV\/t Fy
F T T
T F
T F
T F

B 2.4.2




Completeness Of Connectives

( BX&E1E5E&1E )

P Q 2PQ nPQ £P.Q gPQ &uPQ gP,Q g(WPQ
F F F F F F F F F
F T F F F " F i T i
3 F F F il T F F 1y
i L F & F i i F i i i &

21(P,Q) g:(P,Q g(P,Q £10(P,Q gu(P,Q £1:(P,Q g13(P,Q) gul(PrQ) £15(P,Q)
F T p iy T d T i x T
T F F F F T T iy T
T F F f5 T F F T
i b F R F 7 i F T F

S

Exercise, What about g, ?




Completeness Of Connectives

( BX&E1E5E&1E )

P Q gO(P= Q) gl(P= Q)
- F T T
- T T T
T F F F
T T T F

r 65
Movre exerclses... j> 59
\




Completeness Of Connectives

( BXE1ERE )
P Q g(P.Q) &i(P,Q)
- F T T
=TT T
T F F F
T T T F

[ can we derive general
rules 222




Completeness Of Connectives

P Q g(P,Q) a(P,Q) Step1: find all true rows ]
= = —\

- T T T

T F F F

T T F




Completeness Of Connectives

P Q g(P,Q) &(P,Q) [ Step1: find all true rows ]
- F T - <
=TT T Step2: generate a formula
T F F F {or every row

T T F 4




Completeness Of Connectives

P Q g(P,Q) &(P,Q) [ Step1: find all true rows ]
- F T > <
=TT T Step2: generate a formula
T F F F {or every row

T T F \ <

these formulas

( N\
Step3: use “or” to connect

J

=

(P, Q) = ((=P)A (=Q)) V((=P)A Q) V (PA Q)



Completeness Of Connectives

D

go(P,Q) &(P,Q)

Q
F
T
F
_I_

IR

Zvvm

T
T

7

what about g1 (P,R)?

.

~\

J

|

Step1: find all true rows

]

.

é )
Step2: generate a formula

{or every row

J

.

( N\
Step3: use “or” to connect

these formulas

J

g(P, Q) = (P)A (=Q)) V((=P)A Q) V (P A Q)

g1(P, @) = ((=P)A (=Q)) V((=P) A Q)



Completeness Of Connectives

D

20(P.Q) &(P.Q) [ Another algorithim ]

Q
F
T
F
_I_

IR
o

T
T




Completeness Of Connectives

> Q &(P.Q) a(P,Q) Step1: find all false rows ]
F T T
T T T
FF
T T

F




Completeness Of Connectives

gi(P, Q)

[ Step1: find all false rows

]

é )
Step2: generate a formula

{or every row

J




Completeness Of Connectives

P Q gU(P: Q) gl(P= Q)
- F T T
- T T T
T F F
T T T F

[ Step1: find all false rows

]

\.
(

é )
Step2: generate a formula

{or every row

J
\

e

Step3: use “and” to
conmect these formulas

J




Completeness Of Connectives

> Q g(P,Q) &P, Q) [ Step1: find all false rows ]
- F T T > 3
- T T T Step2: generate a formula
T F F for every row
T T T F > <
— X Step3: use “and” to
i connect these formulas

. J

g1(P, Q) = ((=P)V Q) A ((=P) V(—Q))
g(P, Q) = ((=P)V Q)

what about 9o (P,R)? —

J




Completeness Of Connectives

P Q g(P,Q) ai(P,Q) P Q g(P,Q) g(P,Q)
- F - F T T
- T T T - T T T
T F F F T F F F
T T F T T T F

(P, Q) = (=P)A (=Q)) V((=P)A Q) V (PA Q)
g1(P, Q) = ((=P)A (=Q)) V((=P) A Q)



Completeness Of Connectives

> Q &(P,Q) &(P,Q) P Q 2(P.Q) a(P.Q)
- F - F T T

- T LT T - T T T

T F F F T F

T T F T T T
g0(P, Q) = (-P)A (=Q) V ((-P)A Q) V (PAQ)  &I(P,Q)=((-P)V Q)

g1(P, Q) = ((=P)A (=Q)) V((=P) A Q) g1(P, Q) = ((=P) vV Q) A ((=P)V (=Q))



Completeness Of Connectives

P Q g(P,Q) g(P,Q) P Q g(P,Q) gi(P,Q)
- T T T - T T T

T F F F T F

T T F T T T
(P, Q) = (-P)A (@) V (-P) A Q) V (PAQ)  &(P.Q)=((-P)V Q)
21(P, Q) = (=P) A (~Q)) V (=P) A Q) &1(P, Q) = (-P)V Q) A (=P) V (~Q))

M1. According to the T rows M2. According to the F rows



Completeness Ot Connectives
( XGRS )

THEOREM

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

DN CIA ||-|-|me

n

retl We now give a formal proof

ramc*~~>4nd a Boolean




Completeness Of Connectives

( BX&E1E5E&1E )

THEOREM ~
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_ _J

- Proof ~
If G always return F, then a =P A (= P). Itis clear A realizes the
function G.

Otherwise, G returns true sometimes. Suppose there are k cases where
\G returns true.

J




Completeness Of Connectives

Proof
/There are k inputs that can make G return true: \
G(X11, X192, ..o, X15) =T
G(X51, Xpp, ..., Xpn) =T

G(Xkl, sz, ey an) =T
Then we can construct a in the following way.
(P if X; =T 4 A

Bii=1_p ifx. — , ,

— /}\)’ E(EX” F Looks Like algorithw above

i — Pi1 /M7 in
Q=V1v---vyk \\ J

\




Completeness Of Connectives

When G returns true, it is clear that a is true.
When a is true, there must be some y; Is true.

There is only one assignment that can make y; Is true.
Under this assignment, G returns true.

oWy, iz, ooy Xin) = T Bii =1 p if X, = F
G(XZI’XZZ’ ce ey in) =T 1y 1y —
Vi = Bir A A Bin
G(Xk1’Xk2a ...,an):T a :ylv---Vyk

\_




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, -, &

WFF: construct the legal propositional formula.
4 )

Ave theg optimaL???




Completeness Of Connectives

We already know that
P Q=(P—Q)AN(Q—P)

The group becomes {—, A, v, —}

what about “—" ? ! ; :




Completeness Of Connectives

~\

The group becomes {—, A\, V1

.

~

J

—
T T , ,

. . wmeplication can be expressent
T T bg “not” and “or”

T T



Completeness Of Connectives

P Q@ PAQ —((—P)V(-Q))
T T T T
T F |F F
F T |F F
FF o |F F

N\

‘and” can be expresse
by “not” and “or”

.

~\

P Q@ PvQ —((-P)A(—Q))
T T T T
T F T T
F T IT T
F F F F

J

N\

“or” can be expressed by
“nwot” and “and”

.

~\

Finally, {-, A} and {—~, v} are all complete
We cannot eliminate elements from them.



4 Now, can You use the A
propositional logic to

formalize the “2 queens
\_ problem theorem?” /l Tk




Example

P1

P2

Theorem: Two queens problem has no solution.

P3

P4

REPHRASE
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.

™

How to formalize the
. problem. has no solution?

-

J

~




Example o1 | po

Theorem: Two gueens problem has no solution. | p3 | p4

REPHRASE
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

column or diagonal.
There are four positions on the chessboard. We now define

four propositional variables P1, P2, P3 and P4.
P1 signifies that there Is a queen on position 1. =P1 signifies
there Is not a queen on position 1 and so on.

\_




Example

P1

P2

Theorem: Two queens problem has no solution.

P3

P4

e REPHRASE
2 queens problem: placing 2 chess gqueens on an 2x2

chessboard so that no two queens share the same row,
column or diagonal.
First, we formalize the requirement:

(((((=(PLAP2)) A (=(PLA P3)))A

(=(P1A P4))) A (=(P2A P3)))A

(=(P2 A P4))) A (—(P3 A P4)))

~




Example

Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
/

column or diagonal.
Second, we formalize the placement:

(((P1 AP2) A (~P3)) A (ﬂP4)) v (((P1 A P3) A (—P2)) A (ﬂp4))
(((P1 A P4) A (—P2)) A (ﬂP3)) v (((Pz AP3) A (~P1)) A (ﬂp4))
(((Pz A P4) A (<P3)) A (ﬁP1)) v (((P3 A P4) A (~P1)) A (ﬂPZ))

\_

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

Vv

Vv

~




Example o

P2
Theorem: Two gueens problem has no solution. | p3 | p4
e REPHRASE ™
2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.
(((PLAP2) A (—P3)) A (—P4))V
((PLA (=P2)) A P3) A (=P4))v
((~(PLA P2)) A (—(P1 A P3))A
((PLA PO A (<(P2A PN A ((PLAEP2)A(P3)) A P4V o F
(—(P2 A P4)) A (<(P3 A P4))) (((P1) A P2) A P3) A (=P4))V
(((=P1) A P2) A (—P3)) A P4)V
\ ((((=PL) A (=P2)) A P3) A P4) /




(((PLAP2) A (—P3)) A (—P4))V
(Prn Py AP TN
(=(PLAPA)))A(=(P2API)DYIA A
(~(P2 A P4))) A (~(P3 A P4Y)) ((-PL)AP2) A P3) A (2PA))V
((=P1) A P2) A (=P3)) A PA)V
((~P1) A (—P2)) A P3) A P4)
4 )

How to prove Lt?

— F



LA P2)A(=P3)) A (—P4))V
) A (=

A (—=P2)) A P3) A (—P4))V

(((P
(((((=(PLA P2)) A (=(PLA P3)))A Egi 2)) A (—P3)) A P4V
(=(P1A P4))) A (—(P2A P3)A A\ (- P2) A P3) A (=P4))V
((((=
((((=

A (=P
(
) ) P1) A
(=(P2 1\ P4))) A (=(P3 A P4))) P1) A P2) A (=P3)) A P4)V
P1) A (=P2)) A P3) A P4)
- )

How to prove Lt?

Truth table.
\_ /l

— F



Truth Table

There are 4 propositional variables.

Pi ... Pq g(P19P2aP3aP4) ) N ROWS ]
T

Tr ... T

F ... F T




Truth Table

There are 4 propositional variables.

P ... Py g(Pi,Ps, P35 Py) ) wmws]
T

Tr ... T

F ... F T N
Y‘ If theve are w variables, how
many rows in the truth table?

2™ 1

\_ J




p
what will affect the computation

cosSt?
\_

~N




4 A

The computation cost depends
on #variables and the
complexity of the formudla.

\_




4 )

Can we sbmplify the formulaz??

\_




(((((=
(~(P1A P4)) A (=
(~(P2 A P4)) A (=

LAP2)A(=P3)) A (—P4))V
) A (=

(PLA P2)) A (=(PLA P3)))A A(EP2))AP3) N (=PA)Y

(P
(P
((PLA (-P2)) A (<P3)) A P&V

(P2 A P3)))A

( NP AP A P3) A (PA)Y
((~P1) A P2) A (<P3)) A P&V
(((-PD) 1 )

3)
(—P2)) A P3) A P4)

P3 A P4)))
P1

A(-P
P1)
)
P1)

-

\_

Can we eliminate them firstly
without affecting the semantic?

~

J

— F



Operator Precedence

(PV Q)N R)

PVQAR P=T,Q=FR=F

(PV(QAR))



Operator Precedence

Recap: what does —(P1 A P2) mean In two queens
problem?

But, what does —P1 A P2 mean?



Operator Precedence

We introduce operator precedence like that in C,
C++ and python

- > AN >V > = > 4

—P1 A P2 PV @ANR



Operator Precedence

Only operator precedence Is not enough
P—Q—R




Operator Precedence

The real meaning Is
P—(Q— R)




Operator Precedence

But there Is can be a different interpretation
(P— Q) — R




Operator Precedence

Left-associative ( £ 5 )
v The same precedence are evaluated in order from left to right.
P— Q—R




Operator Precedence

With operator precedence and association, we cannot
write the following formula with less parentheses.




Exercise

How to parse this statement?

X =YVZ—=>XVYANZ

Operator precedence

> AN > V> = > &

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—>XVYANZ

Operator precedence

> AN > V> = > &

All operators are left-associative



Exercise

How to parse this statement?

(=X)—=>YVZ—->XV(YANZ)

Operator precedence

> AN > V> = > &

All operators are left-associative



Exercise

How to parse this statement?
(=X) = (YVZ)—=> (XV(YAZ))

Operator precedence

> AN > V> = > &

All operators are left-associative



Exercise

How to parse this statement?

(=X)—=(YVZ) = (XV(YANZ))

Operator precedence

> AN > V> = > &

All operators are left-associative



P4))Vv

P4))Vv
A P4V

P4))Vv
A P4V
A P4)

(((PLAP2) A (—P3)) A (—

((~(PLAP) A (=(PLA PN ((PLA(P2)API) A
(~(PLA PO A (—(P2APINA A (((PLA(=P2)) A (=FP3))
(=(P2 A P4))) A (—(P3 A P4))) (((~PI) A P2) A P3) A (=
(((=P1) A P2) A (=P3))

(((=P1) A (2P2)) A P3)

- [T

Which parentheses can be

fLimiwa’ced?

~N

— F



P1 A P2) A (—P3)) A (—P4))V

(((((=(PLA P2)) A (=(PLA P3)))A PLA(=P2)) A P3) A (=P4))V

(((
(((
(—~(PLA PO A (~(P2A PN A (((PLA(=P2)) A (=P3)) A P4)V
(=(P2 A P4))) A (—(P3 A P4))) (((=P1) A P2) A P3) A (=P4))V
((((=P1) A P2) A (—P3)) A PA)V
((((=P1) A (—=P2)) A P3) A P4)

(((PLAP2) A(=P3)) A(=P4)) ) P1AP2A-P3A—P4

What about this? —(P1 A P2)

— F



Propositional Equivalences ( {H )

/ Theorem \

Propositional Equivalences (Z:8) : If two formula P and
Q has the same truth value under any assignment, they are
equivalent. It is denoted by P = Q or P < Q.

Equivalence Theorem (Z{EEH) :P=QIiff P < Q is
always true.

\_ /




De Morgan‘s Laws ( EiR{E )

(

.

Theorem

De Morgan’s Laws:

- (PAQ)=—=-PV-a0Q,-(PVQ)=-PA=0

—(P1 A P2) can be replaced by —P1 v —P2.

What does =(P1 A P2) and =P1V —=P2 mean?




More Laws

Theorem

r

Double Negation CNET EH)

P— Q
.

.\

T
T

m™m— -0
M T A0
il

e

\_

According to Frows, P — Q = 2PV (Q




More Laws

e Theorem
Associative Law (&£4&8) -
(PVQR)VR=PV(QVR)

(PANQ)AR=PA(QAR)
(P Q)< R=P+ (Q+ R)

J

(P=Q)—>R#P—(Q— R){ Warning!

N

J




More Laws

r Theorem

Commutative Law (Z#fR) -

PVR=QVP
PANQR=QAP
P Q=Q« P
\_
N
It Is wrong. Can you give

P=Q@=Q—P7 a counterexample?
J




More Laws

Theorem

~ )
Idempotent Law (FFRER) 5, p_p
PAP=P
PosP=T
_ PsP=T y
~ ) [heorem )
ldentity Law ([d]—42) : Py F—p
PAT =P
T—P=pP
T P=P
P— F=-P
9 Fe P==P Y,




More Laws

/ Theorem
Complementary Law ((hRHR)

PV-P=T
PA-P=F
P— P =-=P
P P=Pp
Py —P=F
Zero Law ()
PVT =T
PAF=F
P T =T

\\ F>P=T




More Laws

Theorem
/

t)

Distributive Law (7 ECE

PV(QAR)=(PVQ)A(PVR)
PAQOVR)=((PAQ)V(PAR)

Absorption Law (MRicfR) :
PV(PANQ)=P
\_ PAN(PVQ)=P

P/\(Ql\/Qg\/...\/Qn):?




More Laws

Theorem
/

Distributive Law (43HECER) :
PV(QAR)=(PVQ)A(PVR)
PAQOVR)=((PAQ)V(PAR)

Absorption Law (“l’(‘lﬁf—i

)
V(P
A

Q)
\_ PvQ)

PA(@QYV QV..VQ)=(PANQ)V(PANQR)V..V(PAQp)



(
(((PLAP2)A(=P3)) A (—P4))V
(((PLA(=P2)) A P3) A (—P4))V
(((PLA(=P2)) A (=P3)) A PA)V
((((=P1) A P2) A P3) A (—P4))V
(((PL) A P2) A (—P3)) A PA)V
(((=P1) A (mP2)) A P3) A P4)

)A

( (((((=(PLAP2)) A (=(PLA P3)))A

(=(P1A P4)) A (—(P2A P3)))A
(=(P2 A P4))) A (=(P3 A P4)))
~ F

Eliminate redundant
parentheses

J




Example

P1AP2A-P3A-P4)V
P1AN-P2AP3A-P4)V

( )

( )

(PLA-P2A-P3A P4)V ,

(~P1A P2 A P3 A —P4)y We can Eliminate more
( )

(= )

Parentheses, But we
—P1 A P2A-P3A P4)Vv ,
retain them for
P1 A—-P2A P3A P4
)N

reaolabu’ucg, Y

—(P1A P2) A—=(P1LA P3)A
=(P1 A P4) A —=(P2A P3)A
(P2 A P4) N —=(P3 A P4)

— F



Example

P1AP2A-P3A-P4)V
P1AN-P2AP3A-P4)V

( )
( )
(PLA=P2A-P3A P4)V
(-P1A P2AP3A=P4)V
(-P1AP2A-P3A P4)V
(= )

P1 A —-P2AP3A P4
)N

~

Now we can use laws to
convert the formula on

the left to F. Tvy to use
distributive law first,

v

=(P1A P2) A =(P1 A P3)A
=(P1 A P4)AN=(P2A P3)A
—(P2 A P4) A —(P3 A P4)
— F



Example

(P1A P2)N ~P3 A —PAN

—(P1A P2))A =(P1 A P3)A

—(P1 A P4) A=(P2 A P3)A . A
( ) ( ) Now commutative Law
(P2 A P4) A —(P3 A P4)V

ano assoclative Law.
—~P1A—P2A[P3 A P4)

=(P1A P2) A=(P1A P3)A
—(P1A P4) AN —=(P2A P3)A

~(P2 A P4) AFF(P3 A P4)




Example

(P1LA P2) A =(P1A P2)

—“P3A=P4AN—=(PLAP3)A
—(P1A P4) A —=(P2 A P3)A
—(P2 A P4) N —(P3 A P4)V

\

Now OampLemew‘carg Law.

(P3 A P4) A (P3 A P4) /
—(P1A P2) A —=(P1A P3)A
—(P1A P4)AN—=(P2A P3)A
(P2 A P4) A =P1A P2



Example

FVFVFVFVFVF

!

F

N
we have sucoessflftLLg

F« F paa— convert the left to F.
y




Exercise

P— Q=—-Q— P
P—-(QR—R)=Q—(P—R)

P—-(Q@—R)=(PAQ)—R

— T

Can You prove them bg laws
instead of truth table?

\

~\

J




_ Arrows meamns xXxx
Matching Problem

wWamnkt xxx




Matching Them With Food And Ensuring No Conflict
m.

How to prove there is no A
legal matehing with
propositional logic?




Matching Problem




Matching Problem

=)




Matching Problem

>




Matching Problem




Matching Problem




Matching Problem




Matching Problem




Matching Problem ( , A
Nibbles must eat

chicken.
N J
P3 A

—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)




. r )
MatChmg Problem Chicken canwnot be

shared.

P3 A
—(P1AP2) AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

Milk canwnot be shared.

. J




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

Now convert Lt to F,




Matching Problem

P3 Al=(P1 A P2)NAI= (P2 A P3)WAIS(P1 A P3)IAI=(=P1 A =P2
P3 A|(=P1V =P2) A (=P2V =P3)JA (=P1V =P3) A (P1V P2)
P3 A (=P2V AP3)A(=P1V =aP2) A (=P1V =P3)A(P1V P2)

= P3A=P2A (—|P1V—|P2)/\ (—|P1V—|P3) /\(PlVPZ)

=[P3lAn —P2 A P1 A[=P3]A (=P1V —P2)

P3 AN—=P3N-aP2AP1A (—|P1V—|P2)

F

.

tis a speo’ml propos’utﬁow
which is always false

~\

J




Tautology ( ESIV/KER )

DEFINITION

[Tautology IS a proposition which is always true under any interpretation. ]

P3AN=(P1AP2)AN=(P2AP3)A=(P1AP3)A=(=P1A—SP2) —F

r N
The previous probtem Ls to prove the

formula is a tautology.




Contradiction ( FETU/XER )

r DEFINITION N
Contradiction Is a proposition which is always false under any

Interpretation.
g W,

P3 AN =(P1AP2)A=(P2AP3)A=(P1AP3)A-(=P1AAP2)

,
The previous problem is to prove the

formula is a contradiction.




Example

PV P
PA-P
PAF
PVT
~(AA B) < (~AV -B)
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